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The p rob lem of the development  of a plane magnetohydrodynamic  boundary l a y e r  in a viscous 
incompress ib le  fluid is invest igated for  a t ime  dependence of the veloci ty  of the outer  boundary 
of the boundary l a y e r  and of the magnet ic  field in the fo rm (1). A solution of the p rob lem is 
found under the assumpt ion  that the body motion s t a r t s  impuls ive ly  and continues at equal ac -  
celera t ion.  

A solution of the p rob lem of magnetohydrodynamic  boundary l a y e r  development  on a body which s t a r t s  
to move uniformly,  at equal acce le ra t ion ,  o r  with acce le ra t ion ,  in a fluid at  r e s t ,  has been obtained in a 
number  of paper s  [1-8]. An idea of S. G. Slavehev [9] is used below to invest igate  magnetohydrodynamic  
boundary l a y e r  development  in a cyl inder .  Le t  us consider  the following growth law for  the veloci ty  on the 
outer  boundary of the boundary l a y e r  and of the magnet ic  field with t ime:  

U (x, t) = Y (x) ~ (t), B (x, t) = S 0 (x) Vr~(t), 
(i) 

(t) =- At a (1 + Altn), 

Le t  us note that  an analogous p rob lem was cons idered  for  A 1 = 0 in [4]. 

Boundary L a y e r  Equations.  Le t  us examine the plane nonsta t ionary  flow of a viscous  incompress ib le  
fluid with an applied magnet ic  field normal  to the body sur face ,  No e lec t r ica l  field is imposed  and the e l ec -  
t r i ca l  field intensi ty vec to r  E is taken zero  everywhere  [10]. Then the boundary equations in the coordinate 
s y s t e m  coupled to the body a re  [4]: 

Ou + u c)u Ou OU OU 02u aB ~ Ou + Ov 
a~ ~ + ~ av at +Unix  + ~-av, - ~ (u--U); ax ~ = ~  (2) 

le t  us in tegra te  them with the following initial and boundary conditions 

u = U ( x ,  t), v = 0  for g =  0, t =  0; 

u = 0 ,  v = 0  for y = 0  ) t > O .  (3) 
u --+ U (x, t) for g-+ co 

I f  we introduce a new var iab le  in the d imens ion less  fo rm ~ = y / 2 ~ - ~  instead of the coordinate y m e a -  
su red  along the normal  to the body contour,  and also the s t r e a m  function r y, t) = 2 ~ - ~ ( x ,  ~?, t), we then 
obtain the following equation for  the function ~ (x, ~?, t): 

i 03~H - 1 0~ [ O~]__t  02~ 
0~12 0~1 ] OtO~l 

with the boundary conditions 

q ~ = - - = O  for ~ 0 ;  Oq~ -.*-I for T I-+co. (5) 
O~l all 
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Hence 

~t nA~P 
(t) = - -  = ~ + 

1 + A1 tn 

where  the dot denotes different iat ion with r e spec t  to t ime.  

Solutions of Equation (4). 
of independent va r i ab l e s  

�9 N =  c~B~/p dV  
' dx  ' 

We hencefor th  a s sume  ~ : a and A l > 0. 

Following the method of S. G. Slavchev, let  us introduce the infinite s y s t e m  

p~ = V~-~ d~V ~ t  ~, k = 1, 2 . . . . .  

sat isfying the r ecu r s ion  dependences 

V fl t Op~ 
Ox 

= ph+~ -}- (k - -  1) p~p~, t ap~ = (I  + ~) kp~, 
at 

and le t  us make a change of va r i ab les  by means  of the fo rmulas  

a o t a = t  a - [ - ( l + ~ ) ~ k p n  a 
a~l on at at ~= 

a 

We consequently obtain the following equation 

1 03T 1 a~q) . ( a T ) _ ( l + ~ ) s  k a2q ) t a2q ) 
- ~  . a---~ + -~- n-a- ~ -  + ~ i - -~q ~=~ aqap~ atan 

.~Pl[1 -- a2{~ __(On) ~2 l 
+ v  an-- ~- ~-~/j 

+ ~  [ph+1+(k__1)plpk] ( &p a~vp a~ a2cp l+NpxCl aq)) ~=, ap~ an ~ - -  a--q " a~ap#  ~ = o. (6) 

Substituting a power  s e r i e s  expansion of the function 

= % N, 0 + % (n, t) p~ + %1% 0 p~ + .  (7) 

into this equation and collect ing t ~ r m s  with identical combinations of the va r i ab les  Pk, we obtain the fol -  
lowing s y s t e m  of equations for  the functions r r etc.  : 

1 a3(po + 1 a~% ( __ a% ' / - - t  a2~~ = 0 ,  
4 &l 3 -~ n ~q2 + ~ 1 On / aian 

. . . . .  % 0"% - - N  1 (8) ~-~1- -~2  --(1-+-2~) aT1 =-t  O2r -- 1-}- - -  

o,I atan aq ~ ~ an an / 

with the conditions 

0% 
q)0-- - - - -  0 for T l =  0; a(P~ -+1 for 11-+0o, 

On 0n 

0% 
qD 1 0 for T 1=0 :  a% -- -- - + 0  for n-~ co. 

an on 

(9) 

where  it tu rns  out, 
fe rent ia l  equations:  

Analyzing the s y s t e m  (8) we a r r i v e  at  the conclusion that  this solution should be sought in the fo rm 

nAl :  _ % (n, 0 = fo (n) + (~ - ~) f~ (n) = :o (n) + ~ t~ (n), 

(10) 

,~1 (n, 0 --- go (7) + (~--  ~) g~'~ (n) + (~ - -  ~)2g</) (n), 

a f t e r  substi tut ing (10) into (8), that  the functions f0(~) e t c . ,  a re  de te rmined  by the di f -  

:o" + 2qo- 4~:o = - 4~, 

:~" + 2 q : -  4 (~ + . )  :: = 4 (:0=- 1), 
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go" + 2~lgg - -  4 (2a -t- 1) gO ---- - -  4 (1 -b for~ - -  [~) - -  4N(I - -  tO), 

g~O'" -b 2neon ~ ) " - 4  (2a -[- n -+- 1)g~n ~' 

= 4 (2go - -  fof",, - -  fn g -b 2g f'n) + 4Nf/,, 

g~)"" + 2-qg~ 2r - -  4 (2r + 2n + 1) g~)' -- 4 (g~0' _ tn f~ + t~,~), 

(it) 

w h e r e  the p r i m e  denotes  d i f ferent ia t ion  wi th  r e s p e c t  to ~?. 

A re la t ionship  which  the function 

sa t i s f i e s ,  is  hence  used.  

Hencefor th ,  le t  us  examine  the c a s e  ~ = 0 and n = 1. 
s ive ly  at  a ve loc i ty  A and cont inues at an equal  a c c e l e r a t i o n  with acce l e r a t i on  AAp 
duces  to solving the following o rd ina ry  d i f ferent ia l  equat ions.  

to" + 2~110 = O, fi" + 2rg]'-- 4fl = 4 (fo - -  1), 

fo (o) = f; (o) = f, (o) = fl (o) = o, fo (~o)~  ~, f; (~o) -+ o, 

go" + 2~lgo - -  4go = - -  4 (1 -% fo fo - -  fo e) - -  4N ( 1 "f'o), 

g~0"' + 2qg~O" _ 8g~)' = 4 (2go - -  fo [~ - -  f~ [o q- 2['0 fl) -}- 4Nf~, 

g~Y" + 2~lg[ 2)" - -  12gl ~)" = 4 (g~0" _ f ,  f]" _+. ['2), 
t 

go (o) = go (o) = el" (o) = g~"" (o) = o; go (oo) ~ o, g]"" (oo)--,. o. 

This  means  that  the body mot ion s t a r t s  impu l -  
The p r o b l e m  then r e -  

(i2) 

We do not give he r e  a de ta i led  exposi t ion of the method of solving the s y s t e m  of equat ions (12) obtained,  
but  only reca l l  that  the solut ion of the s y s t e m  can be obtained in c losed  fo rm.  This  has  been  e lucidated in 
g r e a t e r  detai l  in [11-13]. T h e r e f o r e ,  the solut ion of the s y s t e m  (12) sa t i s fy ing  the app ropr i a t e  boundary  is: 

1 
fo (~) = ~1 err ~ + ~ (e -n' - -  I), 

2 1 2 1 
f~(~) ='-f~13erfvJ-k 3V-- - - - -~(2~- - l )e -n ' - -~-~ l~-k  3 y ~ - . ,  

( 2 ) ( l + 2 ~ a ) +  ( 1  N + 2 ) 
go (n) = - I + N -~ 3~ 3----U- 

3 - , l '  _ _  N) eri TI + 2 e-22~, • [(I + 2rl z) erf'q -k V ~- z~ 4 e_n, N + l  ' 
3n 

g l" ' (~ )=- (  4 a 2  32 ~[( 3 

' T 

3 ] / ~ -  ~ 1 - -  1 - - ~ -  erhl + ( ~ 1 2 - - 2 ) e  -2n'  - -  - -  + 18N + ~1 + ~3 e - ~ '  

( 4 ) B ,  8 3 4 
+ 2  2 + 3 N + ~ s  + 3VE- ~ + I + ~ N + - ~ - ,  

�9 8 

8 8 

8 33 e-~' 1 + 2 2 

+ V ~ - ( T ~ - ~  +T~ ~ e - ~ ' + ~  15V~ 
( 4 a__L_2 ) 8 

+ 2 - a A r + - 2 s  + 15v~-  n ~ +  sV-- - -~  n 

756 



~ m l  
i 

o g 4 a 
Fig. 1. Dependence of the 
dimensionless t ime of sep-  
aration on the parameters  
a andN: 1)N = 0 ,2)N= 0.5. 

1 ( 5 3 N + 2 + _ _ . 8 8  ) ] e r f ~ l +  1 (2 ~ 2+14 ) 
+ -3- 4 2 ~ 5 V ~-, ~-~ 5~12 + e-~U+ 

q 3 V ~  4 +  + - - - - 3 N + - - + - - - . ~  I 
2 ~ 3 V ~  

-k S . - 3 N +  15V----~ na e - n " k - 3  3N 15! 

1 (  4 3 2 )  8 1 ( 3  2 16 ) -~- 9N tl 2 ~ + N 
5 V ~ -  5 VY -3- ~ 5 V ~  . " 

The equations for higher order  approximations can also be reduced to the integration of ordinary dif- 
ferential  equations which can be performed in quadratures.  

The t ime between the beginning of body motion and the t ime of boundary l ayer  separation ~s = Art 
(if separation occurs) is found from the equation 

2 v ' v t  Ou =[o(0 )+  ~c. f i ( 0 ) + w ~ - - - -  (l+-~)g;(o)q-%el~)"(o)-k I + G  
U u=o 1 -+- "~+ dx A 1 

where 

2 2 (1.424 ~N) ,  /~ (o) =/~ (o) _ V ; '  go (o) = V 2 -  

g~j),, 2 
( 0 ) = - -  _ (1.069 + 0.5 N), 

y ~  
gl~)"(o) = V-~ (o  195 + o.1 N). 

(14) 

Using (13), we can determine the t ime of boundary layer  separation of any body, par t icular ly  a cylin- 
der .  For  a cylinder V(x) = 2sin x /R,  from which it follows that separation f i rs t  sets in near  the r ea r  stagna- 
tion point for which the derivative of the function V(x) equals ( - 2 / R) .  Substituting the values (14) and in- 
troducing the pa ramete r  a = A/RA 1 into (13), we obtain a formula for  the t ime interval ~s between the begin- 
ning of the motion and the t ime of origination of boundary layer  separation 

"q 2a G [(1,424 + N)(1 + , G ) - - ( 1 , O 6 9 + O . 5 N ) - c s - k ( O , 1 9 5 + O ,  I N  ) "r2s " 1+ 1 + ~  T - ~  ] = ~  

Results  of computing the dimensionless t ime T s for boundary layer  separation on the contour of a cy- 
l inder  are represented in the figure for diverse values of the magnetic parameter  N. 

It is seen from Fig. 1 how rapidly separation occurs for N = 0 and 0.5, i . e . ,  how soon af ter  in- 
sert ion of the magnetic field. 

x and y 

t 
~-s = Alt 
u and v 
u(x, t) 
Bo(x)  
p 
P 

(Y 

R 
A and A t 

n 

a = A/RA 1 
N 

N O T A T I O N  

are the coordinates measured along the contour and along the normal  to the body surface,  
respectively;  

is the time; 
is the dimensionless  t ime of separation; 
are  the velocity components along x and y; 
is the velocity on the outer  boundary of the boundary layer;  
is the magnetic induction; 
is the density; 
is the viscosity; 
is the electr ical  conductivity of the fluid; 
is the cylinder radius; 
are  the non-negative constants; 
is any non-negative number; 
is an integer; 
is a parameter ;  
is a pa rame te r  with the meaning of the Stuart number.  

757 



L I T E R A T U R E  C I T E D  

1. A . B .  Tsinober, A. G. Shtern, and E. V. Shcherbinin, Izv. Akad. Nauk Latv. SSR No. 12 (1963). 
2. A. B. Vatazhin, Zh. Prikl. Mekhan. i Tekhn. Fiz . ,  No. 4 (1965y ~. 
3. A . B .  Tsinober and E. V. Shcherbinin, Izv. Akad. Nauk Latv. SSR, Set. Fiz, i Tekhn. Nauk, No. 2 

(1966). 
4. A . G .  Shtern and E. V. Shcherbinin, Magnitnaya Gidrodinamika, No. 2 (1966). 
5". K . E .  Barrett ,  Z. Angew. Math. Phys. ,  18, No. 3 (1967). 
6. G~ V. Filippov and V. G. Shakhov, Zh. PriM. Mekhan. i Tekhn. F iz . ,  No. 6 (1967). 
7. J. Buckmaster, J. Fluid Mech., 38, No. 3 (1969). 
8. M . J .  Katagiri, J. Phys. Soc. Japan, 27, No. 4 (1969). 
9. S .G .  Slavchev, Vestnik Leningrad State Univ., No. 19 (1969). 

10. G . A .  Lyubimov, Prikl. Matem. i Mekhan., 26, No. 5 (1962). 
11. I. Pop, Matematichki Vesnik, 6 (21), No. 3 (1969). 
12. I. Pop, Rev. Roum. Math. Pures et Appl., 14, No. 8 (1969). 
13. I, Pop, Magnitaaya Gidrodinamika, No. 4 (1969). 

758 


